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Introduction
　This paper is concerned with the theory of norm ideals of the ring 93 0f all bounded linear
operators on a　fixed　separable infinite dimensional　complex Hilbert　space ｌ）.　The basic
conceptions and results in this theory can be found in the　books by Schatten ［8］and
Gohberg & Krein［21.　　　　　　　　　　　，
　Macaev［4］and Gohberg & Krein［1］introduced in 1961 a certain class of non-separable
norm ideals.　In our previous paper ［9D, we extended　their results to　the　case of every
symmetric norming function and studied the relative conjugate ideals which were introduced
by Salinas ［71.
　Our main purpose in this note is to sharpen our results in the previous paper ［9］about
the case of the classical symmetric norming functions　ら（ξ）＝（Σぐ？）1゛（1≦j）く・o), and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　丿moreover to extend the class of norm ideals of intermediate type which was obtained by
Mitjagin［6］to our case.
　This note is the beginning of our investigation of norm ideals related to　ら($). Therefore
we shall state in rather detail the preliminary facts for the future. In this paper we shall
use the different notations from ones in ［91.
　In section　l we shall investigate the notions of adjointness　and reflexivility relative to
ψ。（ξ）.ｌｎsection 2 we shall construct the non-separable norm ideals ( = the full norm ideals
of maximal type) related to ら(f), and we shall discuss their ら･adjoint. Then incidentally
we establish a characterization (Lemma　2.1) of the classical symmetric norming functions
ら（ξ）（1≦戸＜・・）aS the extension of ａ lemma of Kuroda ［31.１ｎ section 3， after
Mitjagin［6j, we shall obtain new intermediate ideals with respect to our non-separable norm
ideals.
１
0j>-adjointness and 〈Z〉p-reflexivility
　Throughout this paper Ｓ will denote the ring of all〔bounded linear〕operators on ａ fixed
separable infinite dimenstional complex Hilbert space C>. And let ｋ。be the set of all non-
increasing sequences of non-negative real numbers which tend to zero. We denote by i
the subset of ｋ。consisting of all sequences with a finite number of non-zero terms. In what
follows, the elements of k。will be denoted by ξ，η，ぐ,etc. and the terms of the sequence
ξbｙ?ｊ，　i= 1. 2,….　Given　ξ，ηＥｋ。and non-negative real number αｗｅ denote by
ξ十η，吋，ａｎｄ　釦the following sequences respectively :
　　　　　　ぐ十η＝{む十ηJ}，吋＝{αむ}，ａｎｄ　釦＝{わ卵。
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Then obviously　ξ十V, a^, and　ξη　are　elements of　ｋ,.
sequence　ξＥｋ。will be denoted by Ｏｕ(O (i.e., a。(ξ)
the fe-ｔhtail of ξby ｒ１(ξ)Ｕ.ｅ.，ｒｉ(ξ)＝{ξ61，ξo2,…})｡
DEFINITION １．１
t. Sci.
And the fe-tfl ｓｅｃtｉｏｎof each
＝{ξ1,1ξ2,…,1＆,70,0，…}), and
A function 0{$), defined on £, is called ａ ｓｙｍｍｅtｒｉｃ　ｎｏｒｍiｎｇ
ルJiction if it has the following properties :
　　i）ψ（ξ）＞O　（ξ∈£，ξ1＞O）；
　　ii）く1）（ξ十η）≦の（ξ）十ゆ（η）（りG £)
　　iii) for any non-negative real number α
　　　　　φ（αξ）＝αψ（ξ）　（ξ∈li）；
　　iｖ）Φ(ffl) = 1, where　"> = {1,0,0,…} e e
　　V）・if e,り∈ll and
Σむ≦Ση』
j－1 ﾉ－1
? ?
(1･= 1,2,…)，
then
　　　　　　　　　　　　　　　　　　　φ(ξ)≦臥η).
　Let　φ(f) be any symmetric norming function.　If 4 function ??■(?), defined on k, has
the above mentioned properties i)～iv) and instead of the property v), has the following :
　　Ｖ')¥r(ξ)≦¥r(η) whenever　φ[へ(ξ)]≦ψ[へ(η)]{k = 1,2,…;ξ,η∈£),
then we shall say that ¥r(5^　iｓ　ａΦ-ｓ:ｙｍｍｅtｒｉｃｎｏｒｍｉｎｇｆｕｎｃtｉｏｎ.Obviously any 〈1〉-sym-
metric norming function is a symmetric norming function (cf. '[9, Lemma ２.8]).
　The well-known classical symmetric norming functions　ゆ。(ξ)(1≦夕≦°°) a:re defined
by the following :
　(1.1)　ら(ξ)＝(弓むり９　(1≦夕く・・;ξ∈1);
　(1.2)　ψ。。(ぐ)＝ξ1　(ξ∈ll).
Then any symmetric norming function　(P(f) satisfies the following inequalities :
　(1.3)　の。。(ξ)'≦の(ぐ)≦ゆ1(ξ)(ξEil)｡，
Thus the functions (Pc》<i(^)andく2>i(f) are respectively called minimal and maximal symmetric
norrning functions.　And by definition our notion ofφ1-symmetric norming function is the
very same one as the ordinary symmetric norming function.
　Now we denote by石(・ｏ)the proper largest tｗｏ･sided idふa1 0f the ring ９， i.e., the set
of all compact operators.　　Following　the standard notation, we shall denote by　s(A) the
sequence of singular numbers (briefly, 5-numbers) of the operator Ａ G S3.　If χ is in
ら(・・), then s(X) = {り(X)} is the sequence of eigenvalues of the ｏｐｅrａtｏr(χ＊χ)1代
counted according to multiplicity and arranged in non-increasing order of magnitude. Hence
it is clear that s(X) is in k。｡
　DEFINITION Ｉ.2.　　A functional　lｘl。defined on ａ two-sided idealc of the ring !8，is
calledａｓｙｉｎｍｅ£ｒｉｃｎｏｒｊｎon <B if it satisfiesthe following conditions:
　　1）　ぼI. > 0　（ＸＥＳ，Ｘ≠０）;
　　２）　　＼cX＼.= kllXI.　（ＸＥら), where c is any complex number ；
ろ　　3)　IX十ｙl，≦＼x＼.十＼Y＼. (X,Y G c);
　　４)　＼AXB＼。≦|圃目xi.im　(A,S G S X eら);
　　5)　for any one-dimensional operator ｘ ＝(・,f)g if,g e c)。
　　　　　　　　IXI，＝HXII＝jl(Ｘ)＝げ||･＼＼g＼し
Ａ two-sided ideal c of the ring ｇ is called ａ　nor刀z ideal, if it is complete with　respect to
ａ symmetric norm ＼x＼.defined on it.
　Given ａ norm ideal Ｓ with the symmetric norm　1^1., then for any finite dimensional
operator K we put　　　　　　　　　　″
　(1.4)φ[s(K)]= ＼K＼,｡
Obviously the function (Z)(f), defined on i， is a symmetric norming function.　Conversely,
given ａ symmetric norm ing function Φ(ξ)，tｈｅｎthe set
　(1.5)　ら(0) = {X e c(・・)：lim 0臨[ｊ(Ｘ)])く・・}
is ａ norm ideal with the symmetric norm　　　　　　　　　　　　　　　　　　　　　　　　　，
　(1.6)　＼X＼0 = limの(ら[ｊ(Ｘ)])　(ＸＥら(ゆ)).
Especially we shall denote by
　　　　　　Ｓ(戸) and　lｘl。　(1≦夕≦・ｏ)
the norm ideal and its symmetric　norm　corresponding　to　the symmetric　norming function
<?≫(?) defined by (1.1) and (1.2)｡
　Definition Ｉ｡3.　Let ６ be ａ norm ideal with the symmetric norm ＼x＼.and let ψ（ξ）
be the symmetric norming function defined by (1.4). Thenc is called ａｆｕll　ｎｏｒmi＆d
if two norm ideals（Ｓａｎｄ（弓(0) coincide elementwise.　In this case the symmetric norms
X＼s and lｘlのare topologically equivalent.
　Let us denote by
ｇ
the set of all finite dimensional operators on >. Given ａ norm ideal
c with the symmetric norm ＼x＼. then we S‘halldenote by （弓りhe closure of ｇ with respect
to the norm　i^U.　Thenらり　is the mijiimal　norm ideal with the symmetric norm　＼x＼.
and it is separable.　Particularly we have
　　　　　（弓（戸）゜＝（弓（夕）（1≦夕く・・）.
　Suppose that 0(f) and W(O are two symmetric norming functions.　We define（Z）くＷ
if and only if
　(1.7)　　SUp｀｛ゆ（ξ）/¥r（ξ）｝くｏｏ｡
　　　　　ξ∈£jl≠0
And we say that φ（ξ）ａｎｄｙ（ξ）ａre equivalent (φ～W) whenever 0くＷ and ｒ くψ
(cf. C9, Theorem Ａ勺）.
　Let 0Ce) be any symmetric norm ing function and ηany fixed sequence of k.　Then we
consider a function
Ｆ(ξ)＝]元石-{Σ
1
Ｆ(O)＝0.
（ξＥｉ,ξ≠Ｏ；１≦夕く・・）
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　　　　　　　　　　　　－
It is clear that by (1.3)
(1.8) F(n≦十{弓(ξj77j)゛}1”＝し
for every ξEil and that
　　　　　　　　　　　　　　Ｆ(吋)＝Ｆ(ξ)　(ξEil)
for any positive real number α.　Moreover, if n is the largest indeχ corresponding to ａ non-
zero term of the sequence η, then for any sequence　ぐE i　we have
　　　　　　　　　　　　　　Ｆ(ξ)≦Ｆ[Ｏｎ(ξ)].
Thus, the fuuction Ｆ(ξ)iS bounded and assumes its finite supremum.　Hence we can state
the following definition.
　DEFINITION 1.4.　Let <t〉(ξ)ｂｅａ symmetric norming function.　Then the function
(1.9)　<t>*<pAv)゜sup -
ψ(ξ)
F(ξj77j)゛}1″　　(1≦夕くｏ・)
has meaning for all sequences ηE e.　We shall call this function 0*iP){η)on e the ら-
ａｄ)ｏｉｎtof the symmetric norming function の(ξ)．
　Theorem Ｉ．５．　　Ｔｈｅ　φ。-ａｄｊｏｉｎt　Φ＊･。)(η)ｏｆ　ａｎｙ ｓｙｍｍｅtｒｉｃ ｎｏｒｍｉｎｇ ｆｕｉ＾ｃtｉｏｎΦ(ξ)
iｓ ａ Φｐ-ｓｙｍｍｅtｒｉｃ Ｔｉｏｒｍtｎｇｆｕｎｃtｉｏｎ，　ａｎｄｓtill moｒe iｓ ａ ｓｙｍｍｅtｒｉｃ ｎｏｒｍｉｎｇ ｆｕｎｃtｉｏｎ.
Then 0*･ｐ)くφ。.　Ｈｅｎｃｅかｒ ａｎｙ ｒｅａｌｎｕｍｂｅｒ ｑ ｓｕch tha£　1≦９≦f＞， 　the set (弓(９)
iｓ inclｕｄｅｄ ｉ７１£he ｓｅt(弓{0*,。))。
Proof. It　is　clear　that　ψ＊(。)(η)has　the　properties　i)～iii) of　Definition 1よ　if
one takes into account Minkowski's inequality.　Since fi≦(β(ξ)ａｎｄ¢(ω)＝l where
ω゜{1,0,0,…}, then 0*(。)(<≫)= 1. Henceφ＊･j,)(η)･has the property iv).　Finally, it is
easily seen that　<I>*(P)(.り) satisfies the property　ｖ９　with respect　to　ψ。(ξ)，ｉｆone takes
into account that
長汀{y(9j)’ド゜ -φ(ξ)
andわ≧ξか1, i.e., f/一ξか1”≧0
function.　And by (1.8), we have
Σ
ｊ
j
Σ
ｒ°1
ηご
Then
{ξ？－６４１う}1ｼﾞ
の＊(・)(η)is a (Z^ji-symmetric norming
　　　　　　　　　　　　　　　　　　　　　　ψ＊（。）＜φ。。
(Moreover, it is generally known that if　W（ぐ）iS any φ-symmetric norming function, then
Ｗく0 (cf.［9, Lemma ２.9］）｡）　Hence the last part of the theorem is clear. Therefore
the theorem is proved.
DEFINITION １．６ If a symmetric norming function　0($) satisfies that
(1.10)　ゆ箔（ξ）＝がξ）（ξEi），
５then we shall say that <Z>(f) isら-7･ぴexive.
　Remark 1.7.　(1) The following remark will be useful in the sequel.　If two symmetric
norm ing functions の(ξ)ａｎｄ＼(.?) satisfy the condition
　(1.11) {ΣＧバガりl/3>≦ゆ(ξ)ｆ(η)(ξ,ηＥｉ; １ ≦夕く・・)，
　　　　　　　丿
and for any sequence ξ(ｏΓη) ■=k one can find ａ sequence り(ｏΓξ)∈k for which equality
holds in (1.11), then
　　　　　　Φ(ξ)＝¥r＊。)(ξ)　(ｏr　¥r(り) = 0*(。)(η))｡
　　(2) If we define for 戸＝・・
　　　　　　ゆ＊(・。)０)＝Sｕp{･Z〉。。(ηξ)/･Z〉(ξ)}，
　　　　　　　　　　　　ξE12
then it is easily seen that　ゆ＊,。。)(η)＝ψ。。(η)＝η1　for every symmetric norming function
の(ξ).　Hence we shall hereafter consider only p such that 1 ≦夕く・・.
　We have for instance
　(1.12)　{Σ(ξｊ７?j)゛}1″≦{Σ(ξｊ７ｈ)゛}1″＝(Σξ？)1″・り１
　　　　　　　Ｊ　　　　　　　　　　ｊ　　　　　　　　　　ｊ
　　　　　　　　　　　　　＝¢。(ξ)･く1･。。(η)(ξ,η∈ll; 1≦夕く・・)。
And let ξ＝｛ξ1,ξ2,…，ξ。,0,0,…｝ｂｅany sequence from ｉ， then for η＝辻占ゴ,0,0,…｝∈1
we have
{Σ?(むり)り
J-i /。(ξ)･ψ。。(η)｡
Thus by Remark l. 7，(1)
　(1.13)　(¢。。)＊ａ,)(ξ)＝ら(ξ)　(ξ∈ll)｡
　０ｎ the other hand, given any sequence　V = l'?i,72,…,ηn,0,0,-"-} from £, then for ξ＝
{f.,0,0,…}Ek(ξ1≠0)
　　　　　{Σ(わ狗)？゛＝ξ1η1＝¢。(ξ)･φ。。(り).
　　　　　Ｊ
Hence again by Remark 1. 7，(1)
　(1.14)　(ら)＊。)(η)＝の。。(η)　(りe £).
Consequently we obtain the following proposition.
　Proposition Ｉ。８．　　Ｆｏｒａりｒｅａｌｎｕｍｂｅｒ夕ｓｕchthat　1≦戸＜・ｏ，ら(ξ)ａｎｄΦ。。(ξ)
ａｒｅｍｕtｕalりφ。-ａｄｊｏｉｎt，　 hat　iｓ．£ｈｅ:ｙａｒｅ　φ。-ｒぴexive.
In more general, we have
PROPOSITION 1.9. £et I≦夕くCO
９＜ｏ・．　Ｔｈｅｎ　Φ/f) is 0。-Γφε友叱。
aｎｄ ｋ ｑ &ｅａりｒｅａｌ ｎｕｍｂｅｒｓｕｃｈthat ｐく
Ａｎｄかｒ ｑ″ ｓｕch.ｔhat
６ Res. Kochi Univ.
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･ｗｅｈａｖｅ
　(1.15)　(ら)＊(。)(ξ)＝ら･(ξ)　(ぐE il)
Proof
-
-戸’
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　　Since　一jF十　ｊうＦ＝　1,. then by virtue of Haider's inequality,
Σ(ξjηｊ)゛≦(Σむ゜)゛･(Σが')゛'．
ｊ　　　　　　　　ｊ　　　　　ｊ
Hence
　(1.16)　{y(む勿)゛}1/ｐ≦ら(ξ)｀（p9’切)(ξ,ηe k),
and for any fixed ξEil equality holds in (1.16) if ar!d only if
　　　　　7?ｊ ゛ ｃｆ,ｏ””-1　U = 1,2,…)，
where c is arbitrary positive constant ； and for fixed η∈ll equality holds in (1.16) if and
only if　　　‘
　　　　　む＝ｃ-ｎ．が7P-1　り= 1,2,…)｡　　　　　　'
Thus by Remark 1.7, (1), the proposition is proved.
　Throughout this paper we shall henceforth denote by (弓(の)＊。)the full norm ideal (弓(ゆ＊(。))
associating with the symmetric norm ing function の＊,。)(ξ).Ａｎｄ we shall call it ら-ａｄｊｏｉｎt
ｉｄｅａｌofＳ(･1))｡(Ｔｈｅ notation and terminology ｗi!lbe justified by Theorem １.10. )
　The following theorem is the central result of the present section.
　Theorem 1.10.　£。ＺＩ≦Ｚ･く゜゜，　ａｎｄ ｌｅt'‘Φ(ξ)ｂｅａｎｙｓｙ)ｎｍｅtｒｉｃｎｏｒｍｉｎｇｆｕｎｃtｉｏｎ．
Ｔｈｅｎ
　(1.17)　ら(の)＊(。) = {X e c(・・)：ｘｙＥら(夕)μΓeveりｙＥら(φ)゜}.
And foΓαりゅ・ｒaZ・ｒχ∈(５(ゆ)＊{・l　itｓ ｓｙｍｉｊｉｅtｒｉｃｎｏｒm iｓ gi。ｅｎｂ:ｙ
(1.18)
PROOF.
and let
＼xu〉＊,。)＝　　sup
　　　　　　　ｙEΞ(Ｓ(ψ)゜
φ。[j(Ｘ)ｊ(ｙ)]　＿
　　　　　　　　　－lｙ陥
　　　sup
ｙＥら(ゆ)゜
ら[s(XY)]
　　lｙl¢
Let the Schmidt expansion of an operator　ｙ ･∈６(¢)゜have the form
　　　　　　　　　ｙ＝Σsj(YK･，φj)わ
　　　　　　　　　　　ｊ
y９＝ Σり(ｙ)(･,φＤφJ
J-1
be the n-th partialsum of this expansion (see[:2, p.28])
lim lｙＪ(p＝ lim 0(ら,['AY)])＝の['AY)]＝
　　Then we have
lｙlの
.and
　(1.19)
Hence
７
lim
９４Ｃ〉く3
li' － ｙ。|の= limの(ｒ。['AY)])＝0
　(cf.[2]).　And ｘｙ。is a finitedimensional operator for any ｘ Ｅ６(¢)＊,。).　Hence
by the well-known inequality
　　　　　　　　　　　j　Σり(ｘｙ９)≦Σり(Ｘ)ｊ人ｙ。)　(k = 1ふ…)
　　　　　　　　　　　J=I　　　　　　　J-1
for j-numbers, we have　　　　　　　　　　　　　　ヽ
　　　　　　　　　　ら['s(XY。)]≦ら[j{X)s(Y。)]
　　　　　　　　　　　　　　　　≦ゆ[j(八)]･ゆ＊(。)[j(Ｘ)]
　　　　　　　　　　　　　　　　＝ゆ(ら,[ｊ(ｙ)])・の＊(。)[XX)]
　　　　　　　　　　　　　　　　≦の['AY)]･ｆ‰心(Ｘ)].
Thus we obtain　　　　　　　　　　　　　｡
　(1.20)　ら['s(XY・)]≦ら[s(X)s(YJ]≦lｙlの･＼x＼の＊,。).
Now by [2 , Corollary 2.3]we have
　　　　　|り(ｘｙ。)－り(ｘｙ)|≦II xy。- XY＼＼
　　　　　　　　　　　　　　　　≦ｌｊχ||●|ｌｙ。－ｙ‖
　　　　　　　　　　　　　　　　≦＼＼x＼＼･＼Y － ｙ。|の　U = 1,2,…)｡｡
･Hence by the relation (1.20)
(1.21)　ら[>(xy)]≦ら[j(Ｘ)べｙ)]≦IXIの＊(j,)゜lｙlψ
for every ｘＥ(弓(0)*,。) and every　ｙ ＥＳ(く1))゜, if one takes into account (1.19) and
the continuity of symmetric ･norming functions (cf.[2, p. 76]).　Then we obtain obviously
　(1.22)　Ｓ(ゆ)＊(。)⊂{X e @(oo)：XY G c(戸) for every　ｙＥら(ゆ)゜}.
And moreover (1. 21) implies for every ｘ Ｅ(弓(¢)＊(。)
　(1.23)　　sup　{ら[j(XY)]/＼Y＼0)≦　　sup　{の。[s(X)s(Y)]/lｙlゆ}
　　　　　ｙＥら(φ)゜　　　　　　　　　　　　ｙEΞＳ(の)゜
　　　　　　　　　　　　　　　　　　'≦Iχ|の＊。●
　On the other hand, 16t the Schmidt expansion of any operator　ｘ Ｅ (S(0)*<。) have
the form
　　　　　　　　　　　　　　　　ｘ＝や(ｘ)(ヽ，φj7)φJ>
and put for any　ξ∈1　　　｡‘
Then we have
尺ξ＝Σわ(･,吻)φJ
　　　j
XＫ．　＝Σり(Ｘ)む(･,わ)φj.
　　　　j
８
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　　　　　¢。[s(XK,)]＝{y(jJ(Ｘ)ξj)゛Ｐ“'.
And since　ｌ尺ξ|Φ゜Φ(f), then
　　　　　　ら9回K
Thus we have
　　　　　s
s芯芦茫ご)]゜ぶ)い占戸
J
も)’け
　　　　　　　　　　　　　　　　゜の＊ゆ)[ｊ(Ｘ)]= ＼X＼0*。)･
Hence we have
　　　　　　　　　　　　　　　　　ら[ｊ(χ尺,)]　　　　　　　　ら[s(XY)]
　(1.24)　IXIゆ＊｛ｐ}゜
ξ
Sとr12　　1尺,|ψ　　≦sup゜　　＼Y＼0　　°
Therefore (1.18) is concluded from (1.23) and (1.24).
　Finally it remains only to prove　the inverse inclusion relation・of (1.22).　Suppose that
ｘＥら(ｏｏ)iS any operator such that　XY Ｅら(夕) for every　ｙＥＳ(ゆ)゜.　Further,
let {P。}ｂｅ ａ monotonically increasing sequence of finite dimensional projections which tends
strongly to the identity operator.　　Then we consider･ the family of linear transformations :
ｙ→？９ XY of the Banach space　Ｓ(ψ)゜into the Banach space c(戸).　Since
　　　　　|？・XY＼,･≦ぼ)・XIゆ＊,。)'lｙlゆ　・
and
　　　　　lj）。ｘｙl。=　Φ１，[ｊ(？。ｘｙ)]≦ら[jiXY)]= ＼XY＼。く・・，
then by the resonance theorem (see, for example, [10])it follows that
　　　　　　　　　　　lj）。χｙl。
　　　　　ｙJI;(ゆ)゜　　＼YU　　≦じ
for some　c> 0 n = 1,2,…, and hence
r.　　　　'　　　　　　　　　　・
　(1.25)　　ｙ銘
(ゆ)
／ﾀﾞﾝ
‾゜心歌。)
ノ雪y答旦ｓ
‘7°
Now let　　　　　　　　　　　　　　　　　　　　　　　　　　，●
　　　　　ｘ＝Fり(ｘ)(･，φ,)わ
be the Schmidt expansion of ｘ， and define ａ finite dimensional operatoｔ　Ｋ，by
　　　　　馬＝yむ(･，わ)φj
for any　? e £.　Then, as in the previous paragraph, we have
　　　　　ξ
sy
£
らﾘ畿゛)]
゜sup
7謡y{y6j(ｘ)む)゛}lｙ
(1.26)
(2.1)
And･put
　(2.2)
９
Consequently, by (1.25)
　　　　　ξ
S;1‾i‾
と
５‾{F'(り(Ｘ)む)゛}９≦ｃ'
‘　　　　　　　　　｀
This implies that ｘ ＥΞ(弓(の)＊(。,．　Hence we have
　　　　　{X e <B(・・)：ｘｙＥら(戸) for every ｙ Ｅ(弓((D)゜}⊂Ｓ(ψ)＊ｏ,).
Therefore the proof of the theorem is completed.
　The following theorem is a direct consequence of Theorem １.10, Propositions 1.8, and 1.9
　Theorem 1.11.
活α£　1/9十＼/ｑ’ ＝
ＸＥら（が）
Let 1≦j･く・Ｑ　ａｎｄ ｌｅt ｑ αｎｄ ｑ’ ｂｅ ｔ-ｗｏ ｐｏｓitiｖｅ ・ｎｕｍｂｅｒｓｓｕｃｈ
１か（ザｑ＝j）（。ｒ・⊃）， 　tｈｅｎ　ｑ″＝，・ｏ（ｏｒ　Ｐ））．　Ｔｈｅｎかｒ ｅ･ｖｅｒｙ
IXI。＝　sup
　　　　　ｙＥ(Ｓ(9)
一
一
　　sup
ｙＥ(弓(9)
ら[XX)s(Y)]　　　　　　　ら[s(XY)]
　　　I^L　　　゜ｙご昌(9)　＼Y＼,　‾
＼XY＼。
- iyi-.
aｎｄ
　　(1.27)　ら(ｙ)＝{ＸＥ(弓(・・)：XY G <B{p) foΓeveりｙＥ(弓(９)}．
2. Norm ideals of maximal type and their ψ。-adjoint
　All classical norm ideals ６（夕）（１≦ﾉ）≦・・) are separab】e (minimal) full norm ideals.
An example of non-separable full norm ideal was constructed by Macaev ［4］in use of the
sequence {l/(In － 1)} e k。. Gohberg & Krein［1］generalized his construction and obtained
ａ class of non-separable full norm ideals.　In the previous paper［9D, we extended moreover
results in ［0, and presented new non-separable full norm ideals｡
　Let 0(f) be any symmetric norming function and let π＝｛πj}(G k。）ｂｅａ ψ-biiinｒmali-
zing sequeがce, i.e., a sequence such that
Jfi= 1 , limφ[(79(7z･)]＝・・, and
φｎ(ξ)＝sｕｐ{の[(y。(ξ)]/ψ[ら(π)]}
lim　π･n =0
(ξEil)
Then it is easily seen that <P/7(f) is a symmetric norming function.　We shall denote by
ら(Φ;　ｎ) the full norm ideal associatingwith φｎ(ξ).　Then we have Ｓ(の;77)゜≠<B(の;
77).　That iS，ら(Φ; n) is non-separable (cf.[9 , Lemma ２.5]).　The fullnorm ideal
ら(φ; 77) has the maximal elements with respect to the order induced by　ゆ(ξ)(Cf.
10
Lemma ２．１
(2.5)
that is,
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[9 , Theorems 2.12 and 2.15]).　Thus we shall hereafter call the full norm ideal c((/);
n) maエimal tｙμ･　In the special　case of　φ(ξ)＝(1)1(ξ)一弓む，０ｕr norm ideaトof
maximal trpe (Ｓ(φ1; 77) coincides with the ideal given by Gohberg & Kreln[11.
　In this section we shall,in more detail than the study in Z9l, investigate the construction
and properties of the norm ideal ０ｆmaximal type　ら(φ。,.n) with respect to　ψ。(ξ)＝
(yξJ゛)1゛.
　We begin our considerations by generalizing Kuroda's Lemma[31. Our result presentsａ
characterizationfor every symmetric norm ing function ψ。(ξ)(1≦夕く・・)。
Lｅtφ（ξ）ｂｅ ａｎ:ｙΦ。,りｍｍｅtｒｉｃｎｏｒｍｉｎｇか７１ｃ£ｉｏｎ（1≦戸くＯＯ）｡　Ｔhｅｎ
(2.3)　高丿回卜 sup
　９
　　　　　y2"･　　ら
φ(1,1,…,1,0,0,…).゛
　　犬
1７１ｐａｒticｕlaｒ， 　the　Φ。-ｓｙｍｍｅtｒｉｃ ｎｏｒｍｉｎｇｆｕｎｃtｉｏｎφ（ξ）iｓ ｅｑｕiｖａｌｅｎt　tｏ　φ。（ξ）if　ａｎｄ
ｏｎｌｙ　iｆ
　　　　　　　　　　　　　　　　】/'（2°4）　　S叩　（1）（1,1,･≒1,0,0,…）　　くCO
　　　　　　　”　　犬
Proof.　　Obviously,
sMpゆq石弓･0･0･…)≦ξs芯{ら(ξ)/の(9)}
Let　f = {fl,f2,…,ξ。,0,0,…｝ｂｅan arbitrary sequence in k, and rj ={り(} the sequence
defined by
η1°η2°¨゜η”゜｛
ル會j？ﾄﾞﾍη
”゛J°O（j ° 1,2, ）
Then it is easily seen that
Ση？≦Σf/ (k = 1,2,…）
j-】　　　J’1
and consequently
　　　　　ら[へ(η)]≦ら[へ(ξ)](k = 1,2,…).
Since 0(ぐ)is ａ φ。-symmetric norming function, then
φ(77)＝{十ｊ
≦φ(ξ)，
1y ｐ
ゆ(1,1,….1.0.0,…)
　づ
(2.6)
then
functions(K. Tsuji)　11
ψ。(ξ)/ゆ(ξ)≦
ψ（1,1,…,1,0,0,…）‘
　　ペベ
Thus the relation (2.3) follows from (2.5) and (2.6).
　Now let η゜{ηj} be the sequence defined by り1＝Φ衣ξ)，りj＝O　O' = 2,3,…) for
any sequence　ξEk.　Then
　　　　　ら[らj(ξ)]≦φ。(ξ)＝らﾛＯｔ(η)]ik = 1,2,…).
Hence again by the　ら･symmetry of　ψ(ξ)。
　　　　　ゆ(ξ)≦ψ(η)＝ゆμξ).
Consequently since for any　Φ。-symmetric, norming functionφ(ξ)ｏｎｅ has
　(2.7)　ら(ぐ)/ゆ(ξ)≧1　(ξ∈ll)，
by virtue of (2.3) the condition (2.4) is necessary and sufficient for the equivalence of the
functions　α)(ξ)ａｎｄ叫(を).　The proof of the lemma is complete.
　Throughout this section ｌｅt夕be any nχed real number such that 1 ≦夕＜ｏｏ.　For an
arbitrary non-increasing sequence　T = {7Cj} of positive real numbers, with　7r1＝1，ｗｅ
define the function　Φおｒｌ(ξ)on　k by the following :
　(2.8)　ら;77(ξ)＝sｕｐ{ら[○？1(ξ)]/ら[(Ｊ？l(π)]}　(ξ∈ll).
　It can be proved in an evident way that　ら;77(ξ)iS a ゆ。-symmetric norming function
and stillmore ａ symmetric norming function.　Hence by the remark in the proof of Theorem
1.5, 0。;/7くゆ。.
　For the sake of　abbreviating the notations, we shall in future denote by　Ｓ(Ｐ　＼ｎ) the
full norm ideal Ｓ(α〉。;n) associating with the function φp;n (?) and by　lｘj。;/7 the
symmetric norm in　ら(Ｐ＼　ｎ)｡
　Lemma ２．２
ｓａtiｓｆｉｅｓ　that
Tｈｅ ｆｕｎｃ£io7i Ｏｐ;　ｎ(ξ)iｓ ｅｑｕｉｖａｌｅｎttｏ　Φ。(ξ)，　if　ａｎｄ ｏｎｌｙ　if　Ｊ°゜佃ｊ4
ら（7r）＝（Σπ？）９＜・・
　　　　　J
　Proof.　　As above mentioned, 0。;（Z（ξ）iSa　ψ。-symmetricnorming function.　Since
by virtue of the non-increasingness of　1 = {■!'}],for any positiveinteger　7z
↓ぶ7rJタ≧ル自T/ (1≦ｍ≦喝，
φp＼n (1,1.…,1,0,0,…）
　　ご ≒ニｇよ謡≒･}
Ｌぷ准j1/(寸秒)り
12
Hence
(2.9)
PROOF.
then
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刀1/ｐ
φｐ;ｎ(しゴ,0,0
べ/(士かもず≒i。E;ﾕ)ツ
＝ら[(7。(π)](･n = 1,2,…)
Thus by virtue of Lemma ２.1　if and only if　lim 0。[ら(π)]＝φ。(π)＜c・･, then
<l>p;n(^')is equivalent tｏ･Z)ﾊﾞξ).　Therefore the lemma iS'proved.
　Lemma ２.^.　Th.ｅ　fｕｎｃtｉｏｎ ＾。;ｒl(ξ)iｓ ｅｏｕi･ｖａｌｅｎt　tｏt４ ｍｉｎｉｍａｌｓｙｍｍｅtｒｉｃｎｏｒｍｉｎｅ
ｆｕｎｃtｉｏｎＯ。。(ξ)，if　ａｎｄｏｎｌｙ　if　Ｕｍら，＞０・，
Since by the relation（2.9）
ゆj･;z7（しもこ:u.o.o,…）＝ 　　　　　１
(生白ヴ)ﾌﾟ
（210）s？ψ。;/7（し万二,1,0,0,…）く
if and only if　lim π９＞0
oo
･(n g 1.2,…）
And as well-known the relation (2.10) is ａ necessary and
sufficient condition in order that　ら;がξ）ｂｅ equiva!ent to the minimal symmetric norming
function. Therefore the lemma is proved･
　Thus let π＝｛り｝ｂｅ any ら-binormalizing sequence, that iS･，any non-increasing sequence
of positive real numbers such that　　　　　　　　　　　ヽ
　(2.11)　JTi = 1, lim 0。[Ｏｎ(π)]＝α)。(;r) =・o, anc!
Then we consider the function　　　　　　　　　　， ﾀﾞ
　　　　　　　　　　　　　ｰ　　　　　　　　　　　　　　　●　I(2.12) F(X) = lim {ら(らＤ(Ｘ)])／ら[ら(π)]}
on　ら(ｐ　■，ｎ).　Since by the definition
lim
7i→(〉く)
1',i=0
　　　　　ゆ。((7．['XX)])/ら[ｏ≪(π)]≦ゆ。;ZZ[s( X)]＝･IXI。;Ｚ７
one has Ｆ(Ｘ)≦IXI。'Tl-　Thus the function F(X) on the
is continuous at　ｘ ＝０.　　　　　　　　　　　ブ　　　　　Ｉ
　(7z 9 1,2.…)，
Banach space c(/> ; 77)
　Lemma 2.4.　The fｕｎｃtｉｏｎ　Ｆ（χ）ｄｅｆｉｎｅｄり　the7･ｅｌａtｉｏｎ(2.12)。nc(Ｐ; ｎ）加ｊ
硫ｅかＵｏｘｗｔｎｇｐｒｏｐｅｒtieｓ：
　　（ｉ）　F(X)≧Ｏ（ＸＥ（弓（Ｐ＼ ｎ））；
　　(ii) F(aX) = ＼a＼F(X)ｆｏｒ　ｅｖｅｒ:ｙｃｏｍｐｌｅエフ11ロ?ｉｈｅｒ　ａ;･
　　(iii) F{X十ｙ）≦Ｆ（ｘ）十Ｆ（ｙ）（ｘ,ｙ回（弓（夕;｡ｇ））；
Some norm ideals related to the classical symmetric 1ろ
　　(iv) F{AXB)≦|μ|目＼B＼＼F(X) (X!≡６(Ｐ　＼ Ｕ)A,召亡ｌ)
Ａｎｄ£ｈｅｎ　Ｆ(Ｘ)iｓ ｃｏｎtinｕｏｕｓａt ｅｖｅｒｙｐｏｉｎtｏｆ＜Ｂ(ｐ; ｎ).
　PROOF.　　The property (i)　is　clear　by　thedefinition.　By virtue of　the well-known
propertiesべaX) = ＼a＼がＸ)，　Σ町(Ｘ十ｙ)≦Σ{り(Ｘ)十り(Y)} in = 1,2,…)。
　　　　　　　　　　　　　　　　　　J=I　　　　　　　　　J-1andり(AX召)≦||刈目|句|り(X), the properties(ii),(iii),and (iv) are easily seen. Then
Ｆ(Ｘ)ｉＳcontinuous at every point of(弓(戸; 77), because as above mentioned F(X) is　con-
tinuous at χ ＝０.
Lemma 2.5.　J.ｅt　Ｆ（Ｘ）he the ｆｕｎｃtｉｏｎ　ｄｅｆｉｎｅｄり(2.12)。ら（ｐ;ｎ). Theれ
(2.13)　ら（ｐ　＼ ｎ）゜= Ker Ｆ ＝｛ＸＥＳ（Ｐ＼ ｎ）：Ｆ（Ｘ）＝Ｏ｝。
　Proof.　We denote by ^ the set of all finitedimensional operators on the Hilbert space
砂.　Then it follows from･ lim ら[Ｏｎ(π)]＝・・and the relation (2.12) that Ｆ(尺) = 0
for every 尺∈介.ＨｅｎＣｅｂｙ virtue of the continuity of Ｆ(Ｘ)，Ｆ(Ｘ)＝Ｏ on the･closure
c(/> ; 77)゜of介ｉｎ Ｓ(Ｐ＼ｎ).　Thus we have that 巴(戸■,n)゜⊂Ker Ｆ.
　０ｎthe other hand for every　ｘ Ｅら(Ｐ＼Ｕ)
　(2.14)　　inf　lｘ一尺＼v; U = lim 0p; rj(.T。[s(X)])｡
　　　　　尺∈介　　　　　　　　n-c〉く)
Again by 『2』2) there ｅχists,for an arbitrary positive number　ぞ，ａ positive integer K such
that for k > ko
　　　　　ら{ら[XX)]}/ら[ら(π)]くFix) + e.
Hence still more for k > ko
　　　　　ら{ら(ｒ。[s(X)])}/ら[ら(π)]くF(X) + eト
It is easily seen that for sufficiently large 77 the above relation will also hold for ん≦ん,.
Consequently
　　　　　lim Sｕｐら{へ(ｒ,ぶ(Ｘ)])}/ら[ら(π)]
　　　　　　　　　　゜limら;/7(ｒ,ぷ(Ｘ)])≦F(X) + e.
Hence it follows from the relation (2.14) and the arbitraryness of (＞O that
　　　　　inf　lｘ一尺|。;/7≦FiX) for every　ｘ Ｅ Ｓ(ｐ＼ ｍ.
　　　　尺∈介
Obviously the relation implies that　Ker Ｆ ⊂(弓(Ｐ; Ｕ)゜.
Therefore the proof of the lemma is complete.
　Theorem　２．6ヽ　　Ｌｅ£　π＝　り咄　ｂｅ　ａｎｙ　Φ。-binoｒmaliｚｉｎｇ ｓｅｑｕｅｎｃｅ，ｔヽｅ.，ａｎ:ｙ ｎｏｎ一
ｉｎｃｒｅａｓｉｎｇｓｅｑｕｅｎｃｅ　０／ｐｏｓi£iｖｅ　ｒｅａｌ　ｎｕｍｂｅｒｓｓａtiｓｆｙｉｎｇ(2.11)Ｔｈｅｎ the fｕｎｃtｉｏｎ
φ６ｎ（ξ）iｓ ？ｌｏtｅＰｕｍａｌｅｎt tｏ ｅｉtheｒ tｈｅ ｍｉｎｉｍａｌ ＾。。（ξ）ＯΓφ。（ξ），　ａｎｄ ｍｏｒｅｏｖｅｒin　thiｓ
　　　　　　　　１　　、－
‾｛十三)l/pｹ
ｸﾞ
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cａ∫ε６(ｐ; ｎ)≠６(ｐ; ｕ)ｏ、that　iｓ、ら(ｐ＼Ｕ)iｓ ａ ｎｏｎ-ｓｅｐａΓａｂｌｅｆｕll　ｎｏｒｍｉｄｅａｌ.
PROOF. By virtue of Lemmas ２.2 and 2.3 the firstpart of the theorem is clear
Nothing remains but to show that Ｓ(i＞-，　ｎ)≠･.(ﾐ5(ｐ＼ｎ)゜.
　Since we have
　　　　　ら;/7(゛)゜!til(1'J'; Z7[゜”(゛)]　∧　　　ﾉ＼
　　　　　　　　　= lira { sup (ら[Ｏｔ(Ｏｎ(π))]/ら[り(π)])}
　　　　　　　　　　71'゛(〉く3 IS*≦7i　　　　　　　　　　　　'，
　　　　　　　　　'= lim { sup (ら[へ(7r)]/ら[(lk(7r)])}，
　　　　　　　　　　９→C〉く〕1≦七≦９　　　　　　　　　　　　　／‘
　　　　　　　　　゜1，
if ｘ， is any compact operator which has ;r= {も} as its 5-numbers, then Ｘ。Ｅ（弓（ｐ　＼　ｎ）.
　But it follows from the relation (2.12) that Ｆ（Ｘ。) = 1.　ｎ如ce by Lemma 2.5, X。申
ら（戸;77)゜.　Therefore the theorem is proved.　’｀
　Next let　π＝｛7rj｝ｂｅ an arbitrary non-increasing sequence of positive real numbers with
πI = 1.　Then we shall define the function (2>p>(f)｡9n 14 by the following relation :
　C2.15)　　ら;。（ξ）＝ら（吋）（ξ∈1）｡　　　レ
It is readily to see that the function ら;。（ξ）Sat･isfiesthe conditions i), iii), and iv) of
Definition 1.1.　Bearing in the mind Minkowski's inequality, we can easily prove the condition
ii) of Definition 1.1.　And also remarking Abel's lemma : ，
ﾙ
1
(りむ)゛゜゛♂(ム ξ７)十万(゛J7‾.7Fj゛＼r_
i
う
andπj゛ － πJJ'≧0, it is known that the condition Ｖ勺 is satisfied by ¢。;。(ξ).ThｕS
the function　ψ・;，(ξ)iS a　ら-symmetric norming function (still more, a symmetric norming
function).　Thereupon we shall denote by (弓(Ｐ　"，　JC)and lｘl。> the full norm ideal and its
symmetric norm associating with the function Φ。;。(f)respective】y.
Lemma ２．７ 汀のｉｄ ｏ皿ｙザ
limΦ。[°ｎ(;r)]＝
tｈｅｎ　the ｆｕｎｃtｉｏｎ Ｏ。な。（ξ）
　　　　limら＞０，
庄 πｊｐ
） 1/タ
くｏｏ･
iｓｅｑｕiｖａｌｅｎttｏ tｈｅｍｉｎｖｍａｌｏｎｅ Φ。。(ξ)1／ ａｎｄｏｎｌｙザ
tｈｅｎ the　fｕｎｃtｉｏｎΦ。いｔ(ξ)iｓ ｅＱｕiｖａｌｅｎｔtｏ tｈｅｆｕｎｃtｉｏｎΦ。(ξ)
PROOF The firststatement of the lemma is accc mpleshed because　ら;。（貼Ｊ,0,0,…）
＝¢。[ら,(ｚ)].　Next we have
　　　　　　　　　　　　n"夕
　　　　　　　ら;。(辿丿,0,0,…)
Hence
Thus
C2.17)
functions (K. Tsuji)　　15
-……
Hence by virtue of Lemma ２.1 the second statement of the lemma is also proved.
　Theorem ２．８ン　　Ｆｏｒａ？laｒbiｔｒａｒｙ　Φｐ一binoｒｍａｌiｚｉｎｇｓｅｑｕｅｎｃｅ　７t°佃丿臨浹がｆｕｎｃtｉｏｎ
ら;。（ξ）iｓ ｎｏt　ｅｑｕiｖａｌｅｎteitheｒ tｏ tｈｅｍｉｎｉｍａｌｏｎｅ　φ。。（ξ）ｏｒtｈｅｆｕｎｃtｉｏｎφ。(?), and
moreoりer in thむごα∫ε　ら・;，（ξ）ｔｓｍｏｎｏｍｏｒmaliｚｉｎｇ(cf.［2, p. 88］）Ｈｅｎｃｅ（弓（戸；π）む
ａｓゆａｒable（ｍｉｎｉｍａｌ）ｆｕll　ｎｏｒｍｉｄｅａｌ.　　　　　，
　Proof.　　The first part of this theorem　follows from Lemma 2.7.　Nothing remains
but to prove that the function〈1〉。;。(ぐ)ｉＳmononormalizing, i.e.　　　　　　　l　d　r
　(2.16)　lim 0。;。(ら[j(Ｘ)])＝O for every　ｘ Ｅらぐ戸；π).
　By virtue of the relation (2.15) and　ｘＥら(戸；π)レthere exists, for an arbitrary e > 0 ,
a positive integer, m such that　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　尚
―｝
[りり(Ｘ)？く
And moreover, since
こ
　２
limり（Ｘ）＝0，ｗｅ can find an ７zsuch that
j一ひく）
Σ[π‘ｊＳｎキｊ(Ｘ)]゛
ｊ-
ΣZtCjS。．j(Ｘ)ヱ
j-1
く
ζ－
く
二
　２
Σ[ＺｊＳ？iキj(X)]ﾀ
ﾌﾞｰ1
＋
　　　　　　　　　　　IDく3　　　　　　　　　UPら;。(ｒ。[XX)])＝{Σ[πｊＳヶ１＋3(ｘ)？}
　　　　　　　　　　　　J-1
Consequently by arbitraryness of ６＞Ol we have
　　　　　lim 0。;峡で、、(べＸ)]＝0.
Therefore the theorem is proved.
　Σ[りり(Ｘ)]j'
j-m+i
く･cl/P
　Lemma 2.9.　Ｌｅt
ｉ、、be　tｈｅ
ｃｏｎｅ ｏｆ ｒｅａｌ ７１-ｄｉｍｅｎｓｉｏｎａｌｃｏｏｒｄｉｎａtｅｓｐａｃｅ．ｃｏｎｓiｓtｉｎｇｏｆ
αZZa､ｄ。rj f =i?ｊｒiかｒ　-ｗhich S＼≧ξ2≧‥’･≧ξｎ≧0、ａｎｄ ｌｅ£りりｙ゛１ ｂｅ ａｎ ａｒbitｒａり
りｓtｅｍ ｏｆ ７１ｐｏｓitiｖｅ ｒｅａｌｎｕｍｂｅｒｓ. Ｔhｅｎ
倍 (ξｊ７７ｊ)j'
}1゛
(πJξJ)・}1″
ご尽{唸げ}1白(jEリ)り
fｏｒａｎｙｐａｉｒｏｆｖｅｃtｏｒｓξ＝｛ξj｝”1，η＝｛ηj｝”l in l。For ever::y non-Zeroりectorξ∈1。
（η∈£n) ther。ａ;ねts a non-zer。ｗｄ。Γη∈li。（ξEil。) for zむhich.　ｅＱｕaliりhoはｓiれ
(2.17)｡
16
Proof.
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？ｕt　む＝ξ/ O- = 1,2,…,n) for every ξ＼＝『ξ』｝”1∈£,.Ｔｈｅｎｒ＝
｛Ｇ｝”1∈li。and the correspondence　ξ→ξ’iS bijective.　ＡＣとordinglyin order to prove
thislemma it is sufficientto show that for every び＝･｛む｝％が＝｛ηり｝”1∈ll。
(2､18) jりjｓ≦jいμ51路詮丿/嘸゛J’}I
and for every non-zero vector びEi。（がe fin) there eχistsa non-zero vector が∈1,1
（び∈ll。) for which equality holds in (2.18).　But this is jｕ斗 the result in［2, Lemma
15.21.
　By virtue of Remark 1.7, (1) and the lemma just proved, the symmetric norming functions
ゆｐ;/7（ξ）ａｎｄ　(p。;。（ξ）ａrｅmutually　の。-adjoint.　Hence by Theorem １.10 the following
theorem is valid. １・
　Theorem 2.10.　£ｄｌ≦戸＜ｏｃヽａｎｄ ｌｅt、7･:= [^j]　加ａΦ。-binoｒmaliｚinｓ ｓｅｑｕｅｎｃｅ.
Ｔｈｅｎｆｏｒ the tｒｉｐｌｅｏｆ ｎｏｒｍ ｉｄｅａｌｓ(Ｓ(夕;/7)゜、Ｓ(夕；π)、ａｎｄ　ｃ(＊･、 ｎ)、ｅａｃｈ ｉｄｅａｌｉｓ £ｈｅ
＾ｓ-ａｄｉｏｉｎt ｏｆ ｔｈｅ ｐｒｅｃｅｄｉｎｇｏｎｅ.J＾ｍｎｅｌｙ、
　(2.19)　ら(ｐ;　ｔ)＝{ＸＥ(Ｓ(・・)：ｘｙＥらひ)y。ｒゆとり･Y e R(ｐ　＼ ｎ)゜}、
(2.20) XI。;。＝
ら[-s(X)s(Y)] φ。[siXY)]。
y E
sup　‾171’;z7　　　°
ｙﾚsup TvT"ぷ‾ｉ
(2.21)　６(ｐ＼ ｎ) = {X G c(・・)：XY G c(夕)μΓａ,εりｙＥ６(ｊ･ ；π)}，
(2.22) Iχ|。;/7 "~ 　　sup
ｙＥ(弓(戸;π)
ゆ。[s(X)s(Y)]＿
　　lｙl。;。　　‾'
　　　　sup
Y: G c(/.;π)
ろNorm ideals of intermediatetype
ら[XXY)]
　lｙl。;。
　Mitjagin[6]has shown that for any binormalizing sequence　π＝{り　there exists an
intermediate norm ideal (弓(1; n,α), strictlyincluded between ら(1 ;77)゜and c(1 ; 77), and
that the symmetric norm in ら(1 ； n ,a) is defined l)y the symmetric ‘ norming function
ゆ1;/7(ξ).
　Throughout this section again let 夕be an arbitrary fixed real number such that　1 ≦ y)
ぐｏ.　Then as the extension of the results in [6D,. we sh^allprove that for any φ。-binor-
malizing sequence　K={7.り} there exists ａ norm ideal of intermediate type Ｓ(ｆ　－ｎ ，ａ)with
the symmetric norm lｘl。;/T, properly included between the minimal norm ideal Ｓ(ｐ;ｕ)゜
and the full norm ideal of maximal type Ｓ(Ｐ＼　ｎ).　But oiir construction will essentially be
owing to the idea of Mitjagin [61.　　　　　　1　　　＜'　，.
　Let　α＝{α)} be any ｎｏｎ･increasing sequence of positive real numbers and let　7r＝{πj] be
ａ　Φ。-binormalizing sequence.　　Then we consider ａ function
　　　　　　　　　　-(3.1)　GCX) = lim {ら(らか(Ｘ)α])/ら[(y。(ａ)]}
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defined on ６(ｐ　%　ｎ).　Bythe definition
　　　　　らり。[j(Ｘ)])≦IXI。;/7･ら[Ｏｎ(π)]＝ら[On{＼X＼。;Z7π)](≪ = 1.2,…)
for every　ｘ ＥＳ(タ＼n).　Hence by virtue of Abel's lemma we have
　　　　　ら(ら[s(X)α])≦の。[ら,(IXI。;77a)]= IXU; ｎφｐ[",(πα)].
i.e.,
　　　　　ら０．[XX)α])/ら[(ln(ａ)]≦IXI。;77　　C≪ = 1,2,…)／
Thus
　　　　　G(X)≦IXI。;77　(ＸＥらゆ；77))，
and the function G(X) on the Banach space らip; 77) is continuous at ｘ = O. Similarly
in Lemma ２.4 we have the following lemma.
　Lemm八３八.　Tfie ｆｕｎｃtｉｏｎＧ(Ｘ)ｄｅｆｉｎｅｄり£heｒｅｌａtｉｏｎ(3.1)。ら(ｐ　＼　ｎ)haｓ tｈｅ
ｆｏｌｌｏｖむ弛ｇｐｒｏｐｅｒtieｓ:
　　(i)　G(X)≧O　(ＸＥ(Ｓ(ｐ　･， ｎ))；　　　　　　　　　　　　一一
　　(ii)　G(aX) = ＼a＼GiX) for ｅｖｅｒｙｃｏｍｐｌｅエｎｕｍｂｅｒａ；
　　(iii)　Ｇ(Ｘ十ｙ)≦Ｇ(Ｘ)十Ｇ(ｙ)　{X,Y白色(Ｐ＼　ｎ))；
　　(iv) GdAX召)≦|凶川|召|ＩＧ(Ｘ)　(ＸＥＳ(戸■'H), A,召ＥＳ)．．
Ａｎｄ tｈｅｎＧ(Ｘ)iｓ ｃｏｎtinｕｏｕｓＯれら(f＞vｎ).
　PROOF.　　Like the proof of Lemma 2.4, the properties (i) and (ii) are　clear.　Since
Σり（Ｘ十ｙ）≦Σ｛り（Ｘ）十り（ｙ）｝（ｱ1＝1,2,…）bｙ the property of ･J-numbers, we have
J-1　　　　　　　　　J-1　　　　　　　　　　　　　　　　　　　　　’
　　　　　　Σり（Ｘ十ｙ）゛≦Σ｛り（Ｘ）十り(Y)}" (n = 1,2,…）.
　　　　　　J-1　　.　　　　　　　J-1
Then by virtue of Abel's lemma,
　　　　Σ{sj(X十ｙ)αJげ≦ΣOJ(Ｘ)十り(ｙ)]W (" = 1,2,…).
　　　　J=l　　　　　　　　　　　　　J-1
Consequently by Minkowski's inequality,
　　　　ら((7．[j(Ｘ十ｙ)α])≦ら{(7．(['s(X)十ｊ(ｙ)]α)}
　　　　　　　　　　　　　≦ら((ln['AX)α])十φ。(ら['AY)α])
(≪ = 1,2,…).　Hence the property (iii)is obtained from the relation(3.1).　The property
(iｖ)f0110ｗSeasily from that　　　｡｡
　　　　ら(Ｏｎ['s(AXB)])≦|凶川坦ら(･7．[XX)]) (≪ = 1,2,…)
and again Abel's lemma.　　So the function GdX) is continuous.
　１８
　Lemma ３．２
Ｔｈｅｎthe ｓｅt
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Lｅt Ｇ（Ｘ）be the ｆｕｎｃtｉｏｎｄｅｆｉｎｅｄｂｙ the ｒｅｌａtｉｏｎ(3.1)ｏｎ ｃ（ｐ;　ｎ）
　(3.2)　Ｓ（ｐ＼ ｎμ）≡Ker Ｇ ≡｛ＸＥ６（j＞-､ ｎ）：GiX) = 0}
iｓａ ■ｎｏｒｍｉｄｅａｌむｔth the ｓｙｍｍｅtｒｉｃｎｏｒm lｘl。; n- And <ﾐ5（ｐ;Ｅ、ａ）≠（弓（タ;/7)
　Proof.　　By virtue of the properties (ii), (iii) and (iv) of　Lemma ３.1　it is easily to
show that the set Ｓ(ｐ．ｎｊｘ.)iS an (algebraic) two-sided "ideal. ｡０ｎ the other hand by the
continuity of G(X), the set Ｓ(タ;77,α)iS a closed subspace of (弓(ｐ;ｎ).　Henceら(夕；
ｎ，ａ)ｉＳａ norm ideal with the symmetric norm x＼。;77｡
　In the same way in the proof of Theorem 2.6, let　χ。be any compact operator with its
■J^numbersπ= {'ff}. Then　ｘ。ＥＳ(ｐ＼　IT). But　ｘ。* R(^;/7,α) because Ｇ(Ｘ。)
゜1 by the relation (3.1).　Therefore this lemmaヽis proved.
　Remark 3.3.
then obviously
(1) If the non-increasing sequence α＝｛αj] satisfies lim･α。=
(5>0,
α1ら(o,[ｊ[XJ])≧<Z>l.(On[Ｊ(Ｘ)α])≧ぶち(ら,[ｊ(Ｘ)])
and
　　　　　α1ら[(7。(π)]≧　ら[cy。(ａ)]≧昶〉。[ら,(π)].
Hence by the relations (2.12) and (3.1)
　　　　　祭Ｆ(ｘ)≧Ｇ(ｘ)≧士Ｆ(ｘ)
Thus we have by Lemma ２.5
　　　　　ら(夕＼ ｎ ａ)＝ら(y)■，　ｎ)゜｡
　(2) If
ど
then clearly ６(ｐ＼ｎ,≪) = {0}｡
　(3) If lim <?j,[(7。(ａ)]＝・・, then Ｇ(尺)＝O for every Ｋ　ｅ　＾
Hence　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
　　　　　(Ｓ(タ;/7)゜⊂(Ｓ(ｐ＼ Ｕ,≪).
　By virtue of Remark 3. 3 we may consider only the ｎｏｎ･increasingsequence α＝{αj] which
satisfies　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ヽ
　(3.3)　limα。＝O　and limφ。[OniTca)]－ｏ・.
　Lemma 3.4.　jらｒ sequences　TC = {*j}, a = {αj} e k。，
Proof
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(3.4)　ら[(yｎ(π)]･ら[(7．(α)]≦7zl″ら[cy。(ａ)](≪ = 1,2.…)
Proof.　　It is easily seen that
{ψ。[(7n(π)]･ら[Ｏｎ(α)]}゛＝'ΣπJj'･Σ≪/
　　　　　　　　　　　　　　J-1　　J-1
　　　　　　　　　　　　≦7zΣ(ｒｅ,ａ.y = {，！/≫Φ。[(y。(ａ)]げ
　　　　　　　　　　　　　　j-1
(cf.[6, Lemma ７]) Thus thislemma is proved.
Lemma 3.5.・£。t TC = {71･J},･α= [aj]　be ｓｅｑｕｅｎｃｅｓｏ／ｋ・.　lfΦ１・(:ra)く・゜， tｈｅｎ
(3.5)　limり2-1/j'・ら[(Jn(π･)]･ら[(Ｊｎ(α)]} = 0.
For any ･E＞Ｏ we choose ａ positiveinteger 710such that
(3.6)　φ。[7'”(４)]゜゜じjl。
1
α■)1/J>
On the other hand
(3.7)ﾀ,-l/J> ・φ。［j。（π）］Ｊ（
く６　（ｱﾌ≧"o).
　　f°
古壽
1
πJp)1/夕→０　佃→・・)
and
　(3.7')　n-UP・(Z〉。[(7。(α)]→O(ｎ→・・)｡　　　　　　　　　　｡･
Moreover for every 7z ≧z70
　　　　ゆ。[(7．(π)]･ゆ。[ら,(≪)]
　　　　≦{ら[ら,0(π)]十ゆ。(Cy。_。0[ｒ。0(π)])}・{ゆ。[(7．0(α)]十ら(Ｏｎ_no[でnoVα)])}
　　　　≦ら[らo(π)]φ。[ら,0(α)]十ら[らo(π)]･ら[(Ｊｔ１(α)]
　　　　　　　　　　　十ら[(7。(,7Z‘)]･ら[Ｏｎ０(α)]十ら(Cy。[ｒ。o(π)])･ら{o,[j･。o(α)]).
And by Lemma ３.4 we have for every 77 ≧ｱﾌo　　　　　　　　　　　　　　　　･｡｀
　　　　ら(ら[らo(π)])･らり£ｒ。o(α)])≦tC'"ら(ら[ｒ。0(ａ)])
　　　　　　　　　　　　　　　　≦nUvら[ｒ。o(ａ)].
Hence by (3.6), (3.7) and (3.7')
　　　　-lim{72-゛ら[C7n(a･)]･ら[On{α)]}≦６.
The lemma is thus proved.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
・Now after the idea of M itjagin［6］we shall construct the non-increasing sequence α＝｛αJ｝
which satisfies the relation (3.3) and for which　S（ｐ＼ ｎ、.a) includes c(ｐ＼ ｎ）゜properly.
　Let　7C = {り｝ｂｅ any く1）。･binormalizingsequence.　Set
　(3.8)　Ｑ。＝72
１
/Σ
　J-1
7rj゛　(n = 1,2,…）
20 Res.
then {Q。｝ｉＳａ non-decreasing sequence because
　　　　　　　　　　　　　　　　　９Σ(;r/ -πn +1タ）
　　　　　　　Ｑ。。1－Ｑ９ ＝　j’‰1　　。　　　≧0.
　　　　　　　　　　　　　　　　　　Σffl.夕゜l］πJｐ
Moreover we have
(3.9)　lim Q。 = lim
ｎ一･(≫く) ｎ，･(〉く)
ノー1
-
上
　ﾅi
Σ
J－1
J＝1
πJｐ
Nat. Sci.
-
-
　1　　　＿
limπ♂　‾゜゜
ｎ→C≫く）
and
　　(3.10)　lim =　lim 一斗．＝０
9｀c〉く）Σπ？
　　　J－1
　Now let {Qn') be a c。nvex regularizati。of the sequence ｛Ｑ。} (cf.［5］ｏr［6］）.　Then
the sequence {Qn') has the following properties :
　(3.11)　Ｑｊ≦Qn Qn = 1,2,…）；　　　　　　　　ダ
　(3.12)　Ｑ乱一Qj≦Qj－Ｑ。U (n = 2,3,…）；
(3.13)
And set
Q。;゜Ｑ。ｌ　for an infinite number of indices 771 ik = 1,2.…）
　(3.14)　al＝Q19j≒αj－『Q/ - Ｑ』こ1）1”　｡り･＝2,3,…），
then by (3.12) the sequence　α＝｛り｝ｉＳ ａ non-increasing one ･･of positive real numbers
Moreover by (3.11) and (3.14)
　(3.15)　ΣαP ― Q /≦Ｑ。（7z＝1,2,…）｡
　　　　　　J-1
Thus by (3.10)　　　　　　　　　　　　　　　　　　　　　ヶ
lim上£α？≦
ｎ-･C〉くゝ　71　j-1
and so this implies that　limα。＝0.
　Such ａ sequence α゜{≪)} will be called a ｓｅｑｕｅｎｃｅｃｏｎｓtｒｕｃtｅｄりMitiagiぶｓ ｍｅtｈｏｄ
ｆｒｏｍ　the　φ。-binoｒmaliｚｉｎｇ ｓｅｑｕｅｎｃｅ　７ｕ°佃j4・
　Thisα一｛α<) is our desirous one.
　Lemma 3.6.　Ｌｅt　ａ＝り稲　be　ａ　ｓｅｑｕｅｎｃｅ ｃｏｎｓtｒｕｃtｅｄｂｙ Mitｉａｇｉｎ　ｓｍｅｔｈｏｄｆｒｏｍ
ａｎｙ　ΦΓhinoｒmaliｚｉｎｇ ｓｅｑｕｅｎｃｅ　７゛゜　嫉ｊ}Ｔｈｅｎ
　　　　　１ｉｍら[ら(πα)]＝・・．
PROOF. By (3.15) and (3.8)
(,
X￥e put
　(3.17)
and
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　　　　　ｱ2-1″¢。[(7n(ｚ)]･ゆ。[ら,(a)]=n~1/１１Φ。[(7n(ｓ)]･Ｑ,jl″
　　　　　　　　　　　　　　　　　　≦ｎ-ｕｐ ･0.[(y。(π)]･Ｑ。1゛
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●　1/夕こ n-v ･･β。[ら,(π)]･
らぶ。(π)]
　　　　　　　　　　　　　　　　　　゜1，
while at the same time, by (3.13), for an infinitenumber of values　71＝ら
　　　　　Tlｖ‾＼IP　.Φ。[（‰りｓ)]･ら(ら,μα)]＝１．
Hence
　　　　　稲7172-1/j'･ら[ら,(π)]･ら[(7n(α)]＝1.
So by virtue of Lemma ３.5
　　　　　1imφ。[(Ｊｎ(πα)]＝ψ。(na)= o・.
Therefore the 】emma is proved.
　Now by Lemmas 3.2, 3.6 and Remark 3.3 we have
　Corollary 3.7.　　£et ≪={‘≪j) ｂｅ ａ ｓｅｑｕｅｎｃｅｃｏｎｓｔｒｕｃtｅｄｌ，:ｙMiｔｊａｇｉｎ’ｓｍｅtｈｏｄｆｒｏｍ
ａｎｙ　＾ｐ-biれｏｒmaliｚｉｎｇｓｅｑｕｅｎｃｅ　π＝佃八．　Ｔｈｅｎ
　　　　　《５(夕；∬)゜⊂ら(Ｐ’ＴｌＪｘ.)⊂(弓(ｐ; ｎ)'
ａ?
　　　　　(Ｓ(夕; n,a)≠,ら(ｐ＼ ｎ).
Lemma 3.8. がα＝り轍　iｓ the ｓａｍｅｏｎｅｉｎ Ｃｏｒollaり3.1、ｔhｅｎ
6(j･ ； /7)゜≠ら(ｐ’ｎｊｘ.).
　Proof.　By Lemma ３．６　we can　choose ａ sequence {!ぼ*} (M, =　0．　Ｍ。↑0°) of
positive integers so that
　　　　　　　　　　　　* +l
(3.16)　Z,１　＝
????
　（7りαＪ）゛→（ｘ）　（１→ｏｏ）
＋１
mｉ，　=　Ｍｔキｘ－jぼｉ　（ゐ゜1.2,…）
(3.18)　ξ。＝｛ 　1　　″“1-　　Σ　π？
7?Zi　J-M^+1
1/タ
(Ｍｉ＋1≦7z≦Ｍｉ＋1).
Since　π＝　{^j}, namely　・゛ ゜{Jt/} is non-increasing,
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　　　　　ΣξJj'≦Σ35/ {n = 1,2.…)，　　　　　　.，
　　　　　J-1　　　　j-1　　　　　　　　　　　　　　　　一一
and particularly
　　　　　Σξ？＝Σπ？　(ゐ＝2,3に･).
　　　　　J=1　　　　J-l
Then we have ..‘
　(3.19)　lim {ら[(7。(ξ)]/ら[(7．(ｇ)]} = 1.
　０ｎ the other hand, by the relation (3.15), for all k we have
　　　　　αｉ＝　Σ(?ｊａ３)゛＝-　Σπ？･　Σα？
　　　　　　　　3-M +1　　　　　　　nit　J'ぶｌ＋1　　　j°M+1　'
£工
‾　■ntt
-
1
-
ｍｆｃ
??、?????????。??
Σ7り1'･Ｑ,心
j-1
≦工£17り1'･Ｑ。。
　　Ｗlｆｃ　Ｒ
Hence by the relation(3.8)･
　(3.20)　αｉ＝　Σ（らり）゛≦1
　　　　　゛　　　　J-Mね＋1
Thus by (3.16) and (3.20) we have
and
嗇一→， （ゐ→・・）
(1＝1,2,…)
????】
??
This means that
(3.21)
　　　n+l
　　　j･1
°　χ　　　　　　→0
　　　蝿(りαj)1'
Σ(Ｓｊａ,)゛
j-1　　　　　　　→0
?iΣ(ｒｅ,ａ.)1'
j-1
（7z→ｏｏ）
(４→・･))
　Let　Xj be any compact operator which has the sequence ξ･= i^j] given by (3.18) as
its ･f-numbers.　Then by the relations(2.12) and (3.19) we have
25
　　　　　F(X,) = 1,
and hence by virtue of Lemma ２｡5
　　　　　X亡岸Ｓ（ｐ; ｎ）゜.
But by the relations(3.1) and (3.21) we have
　　　　，Ｇ（Ｘξ）＝0
and hence by virtue of Lemma
　　　　　　X( e c(/> ; n,α).
The lemma is therefore proved.
?????
Summarizing Corollary 3.７and Lemma 3.8, we can state as follows
　Theorem 3.9.　Let 1≦/)< O・ａｎｄ ｌｅ£　75= {a,} b。any 0。-bino。lalizing sequenc。｡
がα゜{≪Ｊ^　iｓ ｔｈｅ ｓｅｑｕｅｎｃｅｃｏｎｓ£ｒｕｃｔｅｄりMiｔｊａｇｉｎ　ｓ ｍｅｔｈｏｄｆｒｏｍ ７１・＝(＾５) ，　tｈｅｎ　thｒｅｅ
ｎｏｒｍ ｉｄｅａｌｓ(弓(i＞'。 ｎ)゜，(弓(i＞-, ｎ，ａ) and Ｓ(夕;/7)ｘｕith the ｓａｍｅ ｓｙｍｍｅtｒｉｃ ｎｏｒm
1^1≫"． ｎ ｓａtiｓｆｙり£ｈｅｆｏｌｌｃｒｖｕｉｎｇｒｅｌａtｉｏｎｓ：
　　　　　(弓(ｐ; ｎ)゜⊂Ｓ(が/7,α)⊂ら(ｐ; ｎ)，
　Ｓ(ﾉ･;/7)゜≠Ｓ(ｐ; ｎ，ａ)ａｎｄ　ら(ｐ; ｎ，ａ)≠ら(ｐ＼ ｎ)｡　　　　　ノ
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